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Deriving Mathisson - Papapetrou equations from relativistic
pseudomechanics
R.R. Lompay∗
Abstract
It is shown that the equations of motion of a test point particle with spin in a given gravitational field, so called
Mathisson - Papapetrou equations, can be derived from Euler - Lagrange equations of the relativistic pseudome-
chanics – relativistic mechanics, which side by side uses the conventional (commuting) and Grassmannian (anti-
commuting) variables. In this approach the known difficulties of the Mathisson - Papapetrou equations, namely,
the problem of the choice of supplementary conditions and the problem of higher derivatives are not appear.
PACS numbers: 04.20.-q, 12.60.Jv
In ref. [1] dealing with a description of classical relativistic point particle with spin was suggested a model based
on action functional
W [z, ψ, ψ; θ1,2] =
1
c
θ2∫
θ1
Dθ
[
−mc2 +
ih¯c
2
(ψ(θ)Dψ(θ) −Dψ(θ)ψ(θ)) +
κ
2
mc2ψ(θ)γαψ(θ)Dz
α(θ)
]
. (1)
Here c is light velocity in vacuum; h¯ – Planck constant; m – bare mass of the particle; κ – dimensionless coupling
constant; θ – an arbitrary parameter which numerates the points of the world line of the particle and has length
dimension; z ≡ {zµ} = (z0, z1, z2, z3) are pseudocartesian coordinates of the particle in Minkowski space; γµ ≡ {γµAB}
– Dirac matrices which satisfy anticommutation relations
γµγν + γνγµ = −2ηµνI, (2)
where
{ηµν} = {η
µν} = diag(−1, 1, 1, 1) (3)
is Minkowski space metrics; I ≡ {δAB} – unit 4 × 4-matrix; ψ ≡ {ψ
A} and ψ ≡ {ψB} = ψ
†γ0 are Dirac spinor and
conjugated to it spinor, accordingly, which are defined on the world line of the paricle and considered as Grassmannian
variables:
ψAψB = −ψBψA, ψAψB = −ψBψA, ψ
AψB = −ψBψ
A. (4)
Dθ ≡ [−ηαβz
′α(θ)z′β(θ)]1/2dθ and D ≡ [−ηαβz
′α(θ)z′β(θ)]−1/2d/dθ are, accordingly, reparametrization-invariant
(RI) measure and RI-derivative - the objects which allow to fulfill the calculations not depending on the special choice
of the parameter θ (see ref. [2]); z′α(θ) ≡ dzα(θ)/dθ.
The model (1) correctly describes the kinematical connection between orbital and spin parts of the total 4-angular
momentum Jρσ =Mρσ +Sρσ and gives also true results for Poisson brackets for dynamical variables in corresponding
Hamilton formalism.
In this work we show that in the case of interaction such particle with an external gravitational field the equation
of motion which follow from corresponding generalization of the action functional (1), leads to Mathisson Papapetrou
equation (MPE) [3, 4].
We introduce an interaction of the particle with gravitational field with minimal coupling by covariantization of
action functional (1). Metrics (3) and γ-matrices (2) of Minkowski space, which we shall denote now as η(α)(β) and
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γ(α), we replace by metrics gµν(x) and γ-matrices γ
µ(x) of an arbitrary pseudorimannian space. And RI-deriative D
we replace by absolute RI-deriative ∇. Then the action functional (1) take the form
W [z, ψ, ψ, g; θ1,2] =
= 1c
θ2∫
θ1
Dθ
[
−mc2 + ih¯c2 (ψ(θ)∇ψ(θ) −∇ψ(θ)ψ(θ)) +
κ
2mc
2ψ(θ)γα(z(θ))ψ(θ)Dz
α(θ)
]
≡W1 +W2 +W3,
(5)
where now Dθ = [−gαβ(z(θ))z
′α(θ)z′β(θ)]1/2dθ; D = [−gαβ(z(θ))z
′α(θ)z′β(θ)]−1/2d/dθ; γµ(x) ≡ γ(α)e(α)
µ(x) and
e(α)
µ(x) form a fierbein:
η(α)(β)e(α)
µ(x)e(β)
ν(x) = gµν(x); gµν(x)e(α)
µ(x)e(β)
ν(x) = η(α)(β), (6)
so that
γµ(x)γν(x) + γν(x)γµ(x) = −2gµν(x)I. (7)
Absolute RI-derivative ∇ acting on the spinors is defined as
∇ψ(θ) ≡ Dψ(θ) + Ων(z(θ))ψ(θ)Dz
ν (x);
∇ψ(θ) ≡ Dψ(θ)− ψ(θ)Ων(z(θ))Dz
ν(x),
(8)
where Ων(x) are spin connection coeffitients:
Ων(x) =
1
2!
s(ρ)(σ)ω(ρ)(σ)(α)(x)e
(α)
ν(x); ω(ρ)(σ)(α)(x) ≡ e(ρ)
µ(x)(∇λe(σ)µ(x))e(α)
λ(x). (9)
And the action on the vector is defined as
∇Dzµ(θ) ≡ D2zµ(θ) + Γµλν(z(θ))Dz
λ(θ)Dzν(θ), (10)
where Γµλν(x) are Kristoffel symbols:
Γµλν(x) ≡ g
µα(x)
1
2
(∂λgαν(x) + ∂νgαλ(x)− ∂αgλν(x)). (11)
Let as find the variations of the action functional (8), caused by varying of quantities z(θ), ψ(θ), ψ(θ):
δW [z, ψ, ψ, g; θ1,2] ≡W [z + δz, ψ + δψ, ψ + δψ, g; θ1,2]−W [z, ψ, ψ, g; θ1,2] = δzW + δψW + δψW. (12)
δzW [z, ψ, ψ, g; θ1,2] ≡W [z + δz, ψ, ψ, g; θ1,2]−W [z, ψ, ψ, g; θ1,2] = δzW1 + δzW2 + δzW3; (13)
δzW1 = −mc
θ2∫
θ1
δ(Dθ ) = −mc
θ2∫
θ1
dθ δz
(√
−gαβ(z)z′αz′β
)
= mc2
θ2∫
θ1
dθ [−gρσ(z)z
′ρz′σ]−1/2
(
∂µgαβδz
µz′αz′β + 2gαµz
′α(δzµ)′
)
= mc2
θ2∫
θ1
Dθ
[
∂µgαβDz
αDzβδzµ + 2gαµDz
αD(δzµ)
]
= mc2
θ2∫
θ1
Dθ
[
∂µgαβDz
αDzβ − 2D(gαµDz
α)
]
δzµ +
boundary
terms
= −mc
θ2∫
θ1
Dθ
[
gαµD
2zα + 12 (∂αgβµ + ∂βgαµ − ∂µgαβ)Dz
αDzβ
]
δzµ +
boundary
terms
=
θ2∫
θ1
Dθ
[
−∇(mcgλµDz
λ)
]
δzµ +
boundary
terms
;
(14)
2
δzW2 =
ih¯
2
θ2∫
θ1
dθ
[
ψδz(ψ
′ +Ωα(z)ψz
′α)− δz(ψ
′
− ψΩα(z)z
′α)ψ
]
= ih¯
θ2∫
θ1
dθψδz(Ωα(z)z
′α))ψ
= ih¯
θ2∫
θ1
dθ
[
ψ∂µΩα(z)ψz
′αδzµ + ψΩµ(z)ψ(δz
µ)′
]
= ih¯
θ2∫
θ1
Dθ
[
ψ∂µΩα(z)ψDz
αδzµ + ψΩµ(z)ψD(δz
µ)
]
= ih¯
θ2∫
θ1
Dθ
[
ψ(∂µΩα)ψDz
α −D(ψΩµψ)
]
δzµ +
boundary
terms
= ih¯
θ2∫
θ1
Dθ
[
ψ(∂µΩα − ∂αΩµ)ψDz
α −DψΩµψ − ψΩµDψ
]
δzµ +
boundary
terms
= ih¯
θ2∫
θ1
Dθ
[
ψ(∂µΩα − ∂αΩµ +ΩµΩα − ΩαΩµ)ψDz
α−
−(Dψ − ψΩαDz
α)Ωµψ − ψΩµ(Dψ + ψΩαDz
α)
]
δzµ +
boundary
terms
=
θ2∫
θ1
Dθ
[
1
2 (h¯ψs
ρσψ)RρσµαDz
α − ih¯(∇ψΩµψ + ψΩµ∇ψ)
]
δzµ +
boundary
terms
;
(15)
δzW3 =
κ
2mc
θ2∫
θ1
dθψδz(γα(z)z
′α))ψ = κ2mc
θ2∫
θ1
Dθ
[
ψ(∂µγα)ψDz
α −D(ψγµψ)
]
δzµ +
boundary
terms
= κ2
θ2∫
θ1
Dθ
[
ψ(∂µγα − Γ
β
αµγβ)ψDz
α − (D(ψγµψ)− Γ
ν
µα(ψγνψ)Dz
α)
]
δzµ +
boundary
terms
=
θ2∫
θ1
Dθ
[
κ
2mcψ(γαΩµ − Ωµγα)ψDz
α −∇(κ2mcψγµψ)
]
δzµ +
boundary
terms
.
(16)
In obtaining the last equalities in (15) and (16) we used the identities
∂µΩα − ∂αΩµ +ΩµΩα − ΩαΩµ ≡
i
2!
sρσRρσµα, s
ρσ ≡
i
2
(γργσ − γσγρ). (17)
∇µγα ≡ ∂µγα − Γ
β
αµγβ +Ωµγα − γαΩµ ≡ 0. (18)
Furthermore,
δψW [z, ψ, ψ, g; θ1,2] ≡W [z, ψ + δψ, ψ, g; θ1,2]−W [z, ψ, ψ, g; θ1,2] = δψW2 + δψW3; (19)
δψW2 =
ih¯
2
θ2∫
θ1
Dθ
[
ψδψ(Dψ +ΩαψDz
α)−∇ψδψ
]
= ih¯2
θ2∫
θ1
Dθ
[
ψD(δψ) + ψΩαδψDz
α −∇ψδψ
]
= ih¯2
θ2∫
θ1
Dθ
[
−(Dψ − ψΩαDz
α)−∇ψδψ
]
δψ +
boundary
terms
=
θ2∫
θ1
Dθ
[
−ih¯∇ψ
]
δψ +
boundary
terms
;
(20)
δψW3 =
θ2∫
θ1
Dθ
[
κ
2mcψγαDz
α
]
δψ. (21)
Analogously
δψW [z, ψ, ψ, g; θ1,2] ≡W [z, ψ, ψ + δψ, g; θ1,2]−W [z, ψ, ψ, g; θ1,2] = δψW2 + δψW3; (22)
δψW2 =
θ2∫
θ1
Dθ δψ [ih¯∇ψ] +
boundary
terms
; (23)
δψW3 =
θ2∫
θ1
Dθ δψ
[
κ
2mcγαψDz
α
]
. (24)
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Taking, as usually, that on the boundary of integration θ = θ1,2, the variations vanish, δz1,2 = δψ1,2 = δψ1,2 = 0,
using the formulae (12) (16), (19) (24), we obtain the following equations of the motion
∆W
∆zµ
= −∇
[
mcgλµ(Dz
λ +
κ
2
ψγλψ)
]
+
1
2!
(h¯ψsρσψ)RρσµνDz
ν − (25)
−(ih¯∇ψ −
κ
2
mcψγαDz
α)Ωµψ − ψΩµ(ih¯∇ψ +
κ
2
mcγαψDz
α) = 0;
∆RW
∆ψ
= −(ih¯∇ψ −
κ
2
mcψγαDz
α) = 0; (26)
∆LW
∆ψ
= ih¯∇ψ +
κ
2
mcγαψDz
α = 0. (27)
Substituting the eqs. (26), (27) into eq. (25), we reduce the last system to the form

∇
[
mc(Dzµ + κ2ψγ
µψ)
]
= 12!R
µ
νρσDz
ν(h¯ψsρσψ);
∇ψ = i2κ(
mc
h¯ )γαψDz
α;
∇ψ = − i2κ(
mc
h¯ )ψγαDz
α.
(28)
Using the notation
Pµ ≡ m
(
Dzµ +
κ
2
ψγµ(z)ψ
)
, Sρσ ≡ ψsρσ(z)ψ (29)
for the expressions which are the general covariant generalization of the expressions for 4-momentum and 4-spin of
the particles in pseudoeuclidian space-time [1], we can write the first eq. in (28) also in the form
∇Pµ =
1
2!
RµνρσDz
νSρσ. (30)
With the help of eqs. (28),(29) it is easy to obtain the equations
∇Sρσ = −(DzρPσ −DzσPρ), (31)
As consequences of these equation one obtain the equations
∇Sρσ +DzρDz
νSνσ +DzσDz
νSρν = 0, (32)
and
Dzν∇Sνµ = (δ
ν
µ +Dz
νDzµ)Pν . (33)
Using the eqs. (33), one can represent the 4-momentum in the form
Pµ = −DzµDzνP
ν + (δνµ +Dz
νDzµ)Pν =MDz
µ +Dzν∇Sν
µ, M ≡ −DzνP
ν (34)
Substituting the decomposition (34) into the eq. (30), one obtain
∇(MDzµ +Dzν∇Sν
µ) =
1
2!
RµνρσDz
νSρσ. (35)
The system of eqs. (32), (35){
∇Sρσ +DzρDz
νSνσ +DzσDz
νSρν = 0;
∇(MDzµ +Dzν∇Sν
µ) = 12!R
µ
νρσDz
νSρσ
(36)
at first were obtain in papers [3, 4] and now is known as Mathisson Papapetrou equations. The first equation of the
system is called the equation of motion of the spin and second one – the equation of motion of the particle in space.
In original papers [3, 4] these equations were derived halfphenomenologically by integrating of multiple 3-momentum
of a matter distributing in space with posterior reducing it to a point and covariantization the obtaining results. In
our consideration the MPE are obtained as exact consequences of the variation Euler - Lagrange equations for abhoc
point generally covariant physical system. This approach is automatically free from the well known difficulties MPE,
namely.
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The first is the problem of choice of supplementary conditions. If the eqs. (36) are considered as the closed system
for determining zµ(θ) and Sρσ(θ), then it is easy to see, that the number of equations is less then the number of
unknown functions. The first eq. (36) determines not the total ∇Sρσ , but only its space projection
hµρh
ν
σ∇Sµν ≡ (δ
µ
ρ +Dz
µDzρ)(δ
ν
σ +Dz
νDzσ)∇Sµν = ∇Sρσ +DzρDz
νSνσ +DzσDz
νSρν . (37)
So, the system MPE is not fully determined. For full determination one puts on Sρσ some supplementary conditions,
such as
Corinaldesi-Papapetrou-Pirani condition [5, 6] SµνDzν = 0; (38)
Tulczyjew condition [7] SµνPν = 0 (39)
and some others. The problem is that there is not essential reason to prefer one or other supplementary condition.
In our approach based on action functional (5) this problem doesn’t arises. Indeed, the eqs. (36) are only a sequence
of the basic system of eqs. (28) which fully determines all fundamental variables z(θ), ψ(θ), ψ(θ) when initial data
z0 ≡ z(θ0), ψ0 ≡ ψ(θ0), ψ0 ≡ ψ(θ0) are given. By known fundamental variables all other dynamical variables are
determined unique. So, for example, the 4-spin is given by the second formula in (29).
The second is the problem of higher derivatives. As it is easy to see, the left-hand side of the second eq. in (36)
involves the second derivative of Sρσ, which is not determined, since, as were noted, the first eq. in (36) fixes only
the space part of ∇Sρσ. When the supplementary condition (38) is imposed, the expression in parentheses in the
second eq. in (36) can be rewritten as (MDzµ −∇(Dzν)Sν
µ). Then the left-hand side of the second eq. in (36) will
include the third derivative of coordinates of the particle, but this contradicts to traditional form of mechanics. In our
approach this problem is not arising, too. In accordance with the equations given above, the expression in parentheses
in second eq. in (36) is equal to m(Dzµ + κ2ψγ
µψ), and higher derivatives are absent.
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